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FOREWORD 
Use of the finite element method has become a standard technique of analysis for a wide 
variety of engineering problems and the importance of the method is well established. Though 
the most popular area of application of the method may still be stress analysis the technique has 
been found useful in such apparently diverse areas as ocean circulation and antenna design. 
Together with an interest in applying the method to a wide variety of problems there has been 
an interest in the development of the method itself. A large number of problems involve curved 
boundaries and it would seem desirable to be able to use curved elements. I%8 is often referred 
to as the year which saw the introduction of curved elements and certainly since then there has 
been a growing interest in their development and use. Though much has been accomplished 
since then the subject, as a research area, is still in its developmental stage; the time when each 
new paper in the field is likely to create as many new questions as it answers old ones. It is 
hoped that the papers in this issue will do just that and that others will be encouraged to take an 
interest in this fascinating branch of numerical analysis. 
The first curved element method, called the isoparametric method, provided degree one 
approximation within each element. The method also involved a non-linear transformation of 
coordinates. The use of the transformation has both advantages and disadvantages. It enables a 
basis to be constructed which has a very simple functional form. However, it makes the 
analysis of integration error more difficult because the integrations are not being carried out in 
the plane of the problem definition. Techniques now exist for constructing bases of any desired 
degree for a wide class of two and three dimensionat curved elements. These methods do this in 
the original cordinate plane without the use of any transformation. The theory of the method 
draws heavily from intersection theory in algebraic geometry and constitutes a delightful piece 
of mathematics in its own right. The resulting basis functions are rational. An alternative high 
order method exists which uses the same type of non-linear transformation as the original 
isoparametric method but does not use the same basis construction. Instead a basis is 
constructed, or at least part of the basis, by arguments similar to those used in the construction 
of a rational basis. A careful numerical study comparing one such basis with the corresponding 
isoparametric one has shown the superior accuracy achievable with a high order method. This 
study also highlighted potential difficulties with the stability of certain high order methods when 
the curved sides of the curved elements become straight. The type of singularity which occurs 
can also occur with the isoparametric method. In neither method are the problems very serious 
but there are interesting theoretical issues and if one desires yet another high order technique 
could be used which is stable even in the most pathological situation. The isoparametric method 
is really a technique of using some given basis to produce a transformation of one element o 
another. Hence the idea can easily be extended beyond the use of simple polynomial bases to 
the construction of transformations using rational bases This then provides a very simple way 
of producing a conforming first order basis for an extremely wide class of elements indeed. One 
implication of. even this more generalized form of isoparametric method, is that all curves and 
surfaces are approximated by rational curves and surfaces. These rational curves and surfaces 
have several advantages and a few disadvantages. The disadvantages are the existence of 
singularities but if the defining parameters are chosen suitably then the rational curves and 
surfaces certainly comprise a very computable class. The simplest rational curves are the 
tonics and the simplest conic is the parabola. Piecewise parabofic approximation, even with 
continuous lope. can be made reliable once inflexion points have been isolated. This greater 
continuity can be very important in some flow problems. The cubic isoparametric trans- 
formation implies approximation by a rational cubic which has a double point. This could cause 
singularities and care should be exercised when using two dimensional transformations of degree 
greater than two and all non-linear three dimensional transformations. Symbolic manipulation 
systems have eased the study of otherwise daunting algebraic problems. In the present context 
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this has resulted in some quite novel ways of calculating the required integrals. In addition. the 
use of high order methods permit most of the required integrals to be deduced, quite simply. 
once a small subset have been calculated. This is not the case with first order isoparametric 
methods. These two approaches may result in very efficient integral calculation. Most of the 
high order methods give a Lagrange basis. Extensions have been developed for Hermite 
interpolation and some initial work on the analysis of both interpolation and numerical 
integration errors has been done. 
The research topics in this field could perhaps be arranged in four categories: ap- 
proximation of the given geometry, construction of the actual bases, calculation of required 
integrals and error analysis. No one of these is really disjoint from the others but it is likely that 
each will provide a wealth of research problems for years to come. 
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